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Abstract

Curved lateral faces of lamellar polymer crystals have previously been described mathematically using a model of initiation and spreading of
molecular steps on the growth surface. Previously it has been assumed that the steps spread with equal velocity v in both directions, and hence
the model only applied to faces that have a two-fold axis or are bisected by a mirror plane normal to the lamella. Many lateral faces in polymer
crystals do not have such symmetry. We recently solved the growth equation and reconstructed the growth profile for the case where the veloc-
ities in the left and right directions (vl and vr) are different, using a square lattice model. Here we adapt the model to oblique lattices suitable for
{110} growth faces of polyethylene oligomers (ultralong alkanes) and PVDF. Very good fits are obtained with the observed unusual habits of
crystals with curved {110} faces. It is shown that the shape of an asymmetric lateral crystal face is defined by two kinetic parameters, vr/vl and
il0

2/(vrþ vl), where i is the nucleation rate and l0 the interchain distance in the growth plane. The value of vr/vl is found to be furthest from 1 at the
smallest supercooling, which is consistent with the general principles of crystallization kinetics. The observed ten-fold difference between right-
and left-moving steps on a-crystals of PVDF is attributed to the difference between edge-on and flat-on chain attachment at these steps, respec-
tively. The high value of il0

2/(vrþ vl), the cause of high curvature, gives a picture of a crystallization process that is only marginally nucleation
controlled. Specific combinations of the above two parameters are predicted to produce exotic single crystals with re-entrant corners, so far
unobserved.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The observation of rounded single crystals [1,2] has played
a major role in the understanding of the process of polymer
crystallization. For example, Sadler’s rough-surface theory
of crystal growth was intended to describe crystallization at
higher temperatures, where lateral crystal faces are above their
roughening transition temperature TR [3,4]. It was argued that
the fact that the {100} faces in solution-grown polyethylene
(PE) become curved at high temperatures indicates the
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presence of the roughening transition. In contrast, {110} faces
with somewhat denser packing of surface chains and hence a
higher interaction energy would have a higher TR, hence the
{110} faces remain faceted.

Nevertheless, subsequent detailed studies [5e7] have
shown that the curvature of {100} faces in PE can be ex-
plained quantitatively by applying the FrankeSeto model of
initiation and movement of steps [8,9]. Noticeable curvature
occurs when the average step propagation distance is no more
than two orders of magnitude larger than the stem width b.

However this approach cannot be applied to an ‘‘asymmet-
ric’’ face, i.e. one that does not have a mirror plane bisecting
the crystal normal to this face and to the lamellar plane, and
also lacks a two-fold axis normal to the face. On the level
of the unit cell, an asymmetric face must also lack the
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associated glide plane and screw axis. Curved {110} faces of
poly(vinylidene fluoride) (PVDF) and long alkane single crys-
tals are examples of such asymmetric faces. Lozenge- and
lens-shaped (lenticular) crystals of the orthorhombic a-form
of PVDF have been observed which are bounded solely by
curved {110} faces [10,11]. In PE, crystals bounded exclu-
sively by {110} faces are confined to low crystallization
temperatures Tc, where no curvature is observed. At higher
Tc, where rounding occurs, {110} faces are truncated by
curved {100} faces and they may disappear entirely [12].
We have recently carried out a systematic study of crystal
habits of model long-chain monodisperse n-alkanes [13e15]
and found that these compounds display most if not all the
crystal habits encountered in PE. Moreover, unlike in PE,
crystal lamellae bounded exclusively by {110} lateral faces
were observed at high temperatures and low supercoolings
in alkanes C162H326 and C198H398 [16e18]. While faceted
{110}-bounded lozenges grow from octacosane, similarly
nontruncated crystals are formed from 1-phenyldecane and
methylanthracene, but with characteristically asymmetrically
curved {110} faces; these faces are almost straight near the
acute corners of the lozenge and substantially curved near
the obtuse corners.

The above observations motivated us to propose a modifica-
tion of FrankeSeto equations by assuming that the rates of
propagation of left and right steps on the growth surface are
different [16]. In the preceding paper [19] we solved the ap-
propriate differential equation of the secondary nucleation
model with moving face boundaries, using a simple square
lattice model. In the present publication we adapt the model
to a general oblique 2D lattice suitable in principle for the
description of all asymmetric growth faces. Specifically we
then adopt the geometrical parameters appropriate specifically
to the calculation of {110} faces of orthorhombic crystals of
PE, n-alkanes and PVDF. We then compare the derived pro-
files with those observed experimentally. This makes it possi-
ble to determine hitherto unavailable kinetic parameters, i.e.
the individual propagation velocities of right and left steps,
and the initiation (secondary nucleation) rate on asymmetric
crystal face.

2. Theoretical construction of lateral habit
of a single crystal

2.1. Growth front profile on a simple square lattice

The FrankeSeto treatment [8,9] starts from a surface nucle-
ation event creating a pair of steps. The nucleation rate is i
nuclei per unit edge length per unit time, and the steps travel
to the left and right at an equal average net rate v (in units of
length per time). The advance of patches of stems on the sub-
strate is arrested either by the collision between left-moving
and right-moving steps, or by the patches reaching the end
of the crystal face. If l(x, t) and r(x, t) are the densities of
left and right steps, respectively, in the vicinity of position x
along the substrate of length L, two flux equations must be
satisfied:
vr

vt
¼�v

vr

vx
þ i� 2v lr

vl

vt
¼þv

vl

vx
þ i� 2v lr

ð1Þ

These equations describe the local variation in concentra-
tion as a result of drift, creation and annihilation processes,
expressed by the first, second and third terms on the right,
respectively.

Assuming that no step enters from outside, and that the sub-
strate length increases simultaneously with the advance of the
growth front, with the substrate ends moving outward at a net
rate h, boundary conditions for the Eqs. (1) are:

rð � ht; tÞ ¼ 0

lðht; tÞ ¼ 0
ð2Þ

In the case of {100} growth in PE for example, h is deter-
mined by the growth rate of adjacent {110} faces. Mansfield
[6] first obtained solutions of the above equations, deriving
the growth face profile y(x, t). Such y(x, t) describes adequately
the observed [5,12] and simulated [20] shapes of {100} faces
of single crystals of polyethylene and, as found recently
[13e15], long alkanes. y(x) defines an ellipse if a square lattice
is used [6], even though this is not strictly true for very small
crystals [7,19]. The ellipse becomes leaf-shaped when trans-
posed onto a polyethylene-like centred rectangular lattice
[21]. The {100} face is defined as part of this ellipse when
the substrate edge moves at a rate h< v, i.e. in the case of
a truncated lozenge crystal. On the other hand, if h> v, the
outer parts of the {100} face are described by straight non-
crystallographic faces tangent on the central elliptical section
[5,7].

An alternative derivation of the growth profile of lamellar
polymer crystals, also based on Eqs. (1), has been proposed
by Point and Villers [7]. According to these authors, their
equations are equally applicable to the secondary nucleation
and the rough-surface growth mechanism. In actual fact, the
curved growth face shape obtained by Point and Villers is very
close to that obtained by Mansfield. Only for very small crys-
tals, typically below 0.1 mm, a correction is significant [19].

More recently the growth habit of PE crystals has been
treated using a nonlinear reaction diffusion equation where
the crystalemelt interface was diffuse rather than sharp
(zero thickness) [22]. The equation is solved numerically
and, among other things, this avoids the problem of moving
boundaries. It may be mentioned in passing that the solution
of the reaction diffusion equation in the form of a solitary
wave has been applied to long alkanes to describe the propa-
gation of the ‘‘dilution wave’’ through the crystallizing solu-
tion [23].

Returning to the FrankeSeto model, for asymmetric faces
Mansfield’s treatment must be modified taking into account
the different rates of stem attachment to the right and left
ends of the growing patch of stems (Fig. 1). In the case of
{110} face of PE, there would be no difference between the
steps and between their propagation rates if the lattice had
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hexagonal symmetry, i.e. if the ratio of lattice parameters a0/
b0¼ O3; in that case the right and left steps would be equiva-
lent, both having an angle of 120�. However, in the orthorhom-
bic lattice of PE the two step angles g and 4 differ by 11�,
while for PVDF (a-form) they differ by 8� e see Table 1. Sim-
ilarly, in PE, the distance between adjacent chains in the {100}
plane (length of the right-hand edge, equal to b0) is shorter
than the distance in the {110} plane l0 (length of the left-
hand edge). The reverse is true for the a-form of PVDF. These
differences would be expected to produce some difference in
either the molecular attachment or detachment rates, or both.
With reference to Fig. 1, Eqs. (1) become

vr

vt
¼�vr

vr

vx
þ i� ðvrþ vlÞ lr

vl

vt
¼þvl

vl

vx
þ i� ðvrþ vlÞ lr

ð3Þ

Assuming that the spreading rates of substrate edges hr and
hl can differ, we have solved [19] the system of differential
Eqs. (3) with the following boundary conditions:

rð�hlt; tÞ ¼ 0

lðhrt; tÞ ¼ 0
ð4Þ

The resulting functions r(x, t) and l(x, t) were used in the
reconstruction of the shape of the growth face on the simple
square lattice by integration of the mean slope of a growing
face given by the equation:

vy

vx
¼ bðl� rÞ ð5Þ

where b is the width of a single chain (side of the unit square).
This gives for the profile of the growth front:

y¼ 2bt

ffiffiffiffiffiffiffiffiffiffiffiffi
i

vrþ vl

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðvr � x=tÞðvlþ x=tÞ

p
ð6Þ

We can rewrite the above equation in standard quadratic
form for time-independent coordinates Xs¼ x/t and Ys¼ y/t:

Fig. 1. View along the chain axis of a new molecular layer deposited on

a {110} growth face of polyethylene showing the asymmetry of steps. A

unit cell is shown for reference.

Table 1

Crystal lattice parameters, interchain distances and angles for orthorhombic

PE and PVDF (a-form) (cf. Fig. 1)

PE, long alkanes PVDF

a0 7.40 Å 9.64 Å

b0 4.93 Å 4.96 Å

l0¼ 1/2(a0
2þ b0

2)1/2 4.45 Å 5.42 Å

g 56.3� 62.8�

4 67.2� 54.5�
"
Xs� vr�vl

2
vrþvl

2

#2

þ
"

Ys

b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iðvrþ vlÞ

p
#2

¼ 1 ð7Þ

Eq. (7) is the equation of an ellipse with the centre shifted by
(vr� vl)/2 along the x-axis. In the present paper we adapt this
solution to oblique 2D lattices suitable for describing asym-
metrically curved {110} faces of orthorhombic crystals such
as those of PE and PVDF, and compare the calculated crystal
habits with those observed experimentally.

It should be emphasised that, as shown before [19], the pro-
posed approach is valid for crystals larger than ca. 0.1 mm, which
includes the vast majority of polymer single crystals observed by
the usual microscopic techniques. For smaller crystals the valid-
ity of the entire approach becomes questionable, due to the small
number of sites involved. It should be noted further that the ap-
proximations used in the FrankeSeto model (e.g. neglect of
multiple-height steps and of step bunching) make the treatment
less quantitatively accurate for faces of higher curvature.

2.2. Transposing the solution to an oblique lattice

Solutions based on a simple square lattice could be directly
applied only to tetragonal crystals. In order to apply Mansfield’s
solution [6] to the growth of the symmetric {100} face of
polyethylene [21] and long n-alkanes [14,15], it had to be
transposed onto a centred rectangular lattice, where the x-axis
is parallel to the {100} plane, i.e. to the crystallographic
b-axis. For this case one could consider the sides of the kinks
to be tilted at an angle g to the facet plane. The kink sides are
densely packed planes, in this case the {110}. Thus for the
{100} growth plane, as an example of a symmetrical growth
face, the following are the relationships between the reduced
coordinates of the simple square (Xs, Ys) and the centred rectan-
gular lattice (Xc, Yc) (cf. Ref. [21]):

Yc ¼
a0

2b0

Ys

Xc ¼ Xsþ
�

a0

2

ffiffiffiffiffiffi
2iv
p

� Yc

�
cot g

ð8Þ

For an asymmetric face these relationships must be modified
by taking into account the difference between the tilt angles of
right and left kinks, and between the propagation velocities in
the two directions. Angles g and 4 can be derived from the
known unit cell parameters for PE [24] and PVDF [25,26] (Table
1). We have to consider the two branches of the growth front
separately, either side of the maximum point at X¼ (vr� vl)/2.
The two branches must meet at that point for the sake of smooth-
ness of the growing face. Hence (cf. Fig. 1b in Ref. [27]):

Yob ¼
d110

l0

Ys;

Xob ¼ Xs�
�
d110

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iðvrþ vlÞ

p
� Yob

�
cot 4 if X <

vr� vl

2
;

Xob ¼ Xsþ
�
d110

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iðvrþ vlÞ

p
� Yob

�
cot g if X � vr� vl

2
;

ð9Þ

here d110 is the {110} interplanar spacing.
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2.3. Construction of lozenge-type crystal shapes with
asymmetrically curved faces

Single crystals of PE bounded exclusively by straight {110}
faces (‘‘lozenges’’) grow only from solutions at relatively low
crystallization temperatures Tc (e.g. 70 �C) [12,28]. As Tc is
raised, {110} faces become truncated by intervening {100}
faces, which become curved as Tc is increased further. The ex-
act curvature of {110} faces cannot be studied as these faces
diminish and disappear at the highest Tc. However, in very
long alkanes, using solvents like n-octacosane, nontruncated
{110} lozenges can also be obtained from solutions at the
highest Tc, i.e. at the lowest supercoolings e e.g. C198H398

at 108 �C or C162H326 at 105 �C [16]. As discussed in
Ref. [15], these are the conditions where growth is least af-
fected by self-poisoning. Furthermore, by changing the solvent
to 1-phenyldecane or methylanthracene, for the first time
nontruncated {110}-bounded crystals with curved {110} faces
were observed [16,18]. As mentioned in Section 1, similar
crystals appear also in PVDF [10,11]. The unusual asymmetric
curvature of {110} faces has led us to propose that the rates of
right- and left-moving steps (kinks and antikinks) are different
[16,19]. In this section we build the whole shape of a PE/
alkane single crystal with nontruncated curved {110} faces.

Let us consider the formation of a lozenge crystal of PE.
Four {110} faces grow from a common centre. If the ratio be-
tween step initiation and propagation rate is low, the faces are
flat (Fig. 2a). The two crossed dotted lines in Fig. 2a and b de-
fine the baselines (t¼ 0), or x-axes, used in the description of
growth of the four {110} faces. For a low initiation-to-propa-
gation ratio, the growth faces are not only straight, but also
parallel to their baseline (Fig. 2a). Thus such facets maintain
crystallographic angles at the apices.

As the ratio of step initiation and propagation rates in-
creases, the faces become curved, cease to be parallel to the
baseline and the apex angles change as they are defined by
the intersection of adjacent growth faces e see Fig. 2b. Since
the growth of each individual {110} plane is affine [19], the
crystal growth is also affine under the conditions of constant
temperature and solution concentration. The initiation and
propagation rate ratio is defined here as the dimensionless

(a) (b)

a

b

110110

110110
2γ

ϕ
110110

110110

Fig. 2. Construction of the crystal shape bounded by four (a) straight and (b)

curved {110} crystal growth faces (alkane/PE lattice parameters are used).

Bold lines are growth fronts intersecting at the corners of the crystal. The

boundaries of the faceted lozenge crystal in (a) are parallel to the baseline ref-

erence t¼ 0 planes (dotted lines). The curved growth profile in (b) was calcu-

lated using Eqs. (7) and (9) with parameters il0
2/(vrþ vl)¼ 0.1 and vr/vl¼ 2.
ratio il0
2/(vrþ vl), where l0 is the spacing between chains in

the growth {110} plane. This important dimensionless param-
eter gives the ratio of probabilities of deposition of a stem as
a secondary nucleus against the probability of its attachment to
a niche on either side of a spreading layer.

To avoid confusion regarding the meaning of ‘‘right’’ and
‘‘left’’, we adopt the convention that, viewing the crystal
flat-on and with the relevant hk0 growth face on top, ‘‘right’’
is the right direction along that face if h and k are both positive
or both negative. With the crystal oriented as in Fig. 2, vr thus
refers to the spreading rate to the right for (110) and ð110Þ
faces, and to the left for ð110Þ and ð110Þ faces.

Part of the library of crystal shapes, constructed in the way
described in Fig. 2b, is shown in Fig. 3. Note that the crystals
in Fig. 3 are rotated by 90� relative to those in Fig. 2. As ex-
pected, the curvature of the growth faces is higher, the higher
the initiation/propagation rate ratio il0

2/(vrþ vl) (cf. Fig. 3 first
and fourth rows). On the other hand, increasing the asymmetry
of growth has the effect of extending the crystal along one of
the lozenge diagonals; i.e. for vr< vl the crystal extends along
the b-axis (left-hand columns in Fig. 3), while for (vr> vl) the
crystal extends along the a-axis (right-hand columns). For
moderately low initiation/propagation ratios the curvature
may not be noticeable, yet an apparently faceted growth face
could be tilted relative to its crystallographic baseline, partic-
ularly if the difference between vl and vr is large (e.g. crystals
at the bottom left and bottom right corners of Fig. 3). The lat-
ter effect may result in ‘‘non-crystallographic facets’’ or even
in misleading indexing of crystal faces. In a separate publica-
tion we deal with such an example in the case of poly(ethylene
oxide) [29].

The ‘‘curvature’’ of the growth face, defined here as the
length ratio of the short (Ly) and long (Lx) axes of the ellipse,
can be expressed in terms of the propagation-to-initiation
ratio as follows. For the simple square lattice of unit cell
parameter b:

Ly

Lx

¼ b

ffiffiffiffi
2i

v

r
ð10aÞ

For the centred rectangular lattice (symmetric growth), specif-
ically {100} face of PE or PVDF:

Ly

Lx

¼ a2
0

2b0

ffiffiffiffiffi
i

2v

r
ð10bÞ

For an oblique lattice (asymmetric growth), specifically {110}
face of PE or PVDF:

Ly

Lx

¼ 2d2
110

l0

ffiffiffiffiffiffiffiffiffiffiffiffi
i

vr þ vl

r
ð10cÞ

These expressions give the link between the dimensionless
initiation/propagation rate parameter such as il0

2/(vrþ vl) and
the shape of the growth front. At the same time, the effect
of growth asymmetry, i.e. of vr s vl, is to shift the ellipse
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(0.1; 1) (0.1; 2) (0.1; 5) (0.1; 10)(0.1; 0.2)

(0.05; 10)(0.05; 5)(0.05; 2)(0.05; 1)(0.05; 0.2)

(0.025; 0.2)

(0.01; 0.2) (0.01; 1) (0.01; 2) (0.01; 5) (0.01; 10)

(0.1; 0.5)

(0.05; 0.5)

(0.01; 0.5)

(0.025; 0.5) (0.025; 1) (0.025; 2) (0.025; 5) (0.025; 10)

a

b

vr=vl vr/vlvr/vlil0
2/(vr+vl)

il 0
2 /(

v r
+

v l
)

range of shapes observed in this work

Fig. 3. Constructed shapes of PE crystals bounded by {110} faces. Rows: shapes with the same initiation/propagation rate ratio il0
2/(vrþ vl); columns: shapes with

the same right/left propagation rate ratio vr/vl. For comparison, crystallographic lozenges with the same size in the a direction are superimposed (thin lines). a-Axis

is vertical and b-axis horizontal. The corresponding kinetic parameters are shown beneath each simulated crystal in the form (il0
2/(vrþ vl); vr/vl). The shapes in the

3rd column are for symmetric growth (vr¼ vl).
along the crystallographic growth plane, i.e. along the x-axis,
by (vr� vl)/2.

The peculiar case of crystals with re-entrant (concave) cor-
ners (2g> 180� e see top right in Fig. 3) will be discussed
briefly further below.

3. Comparison of experimental and theoretical
crystal habits

3.1. Long alkanes

As mentioned in Section 1, nontruncated lozenge shape
with more or less curved {110} edges and with apex angles
different from those crystallographically predicted have been
observed experimentally in extended-chain crystals of long
alkanes C198H398 and C162H326 when grown from solution in
1-phenyldecane [16]. The value of the acute angle 4 was found
to increase above the crystallographic value of 67� with de-
creasing crystallization temperature, reaching 84� at 92.4 �C,
i.e. at 9.7 �C supercooling. This trend was accompanied by
a deviation of the width-to-length ratio lb/la from the ideal
value of 0.662¼ tan(4/2). Fits of theoretical shapes to the
observed C162H326 single crystals in Ref. [16] are shown in
Fig. 4.

Recent investigations have shown that lozenges with asym-
metrically curved {110} faces are a widespread occurrence in
Fig. 4. Interference optical micrographs of single crystals of extended-chain long alkane C162H326 grown from 1% (wt) solution in 1-phenyldecane at the super-

coolings (DT ) indicated. In all cases the crystallographic a-axis is vertical and b-axis horizontal. Fitted shapes are overlaid (dotted lines). Fitting parameters

beneath each micrograph are shown in the format: (il0
2/(vrþ vl); vr/vl). Scale bar is 10 mm. A faceted {110}-bound lozenge is inscribed in the crystal in (a).
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long alkane single crystals grown from solutions in aromatic
solvents at low supercoolings. Fig. 5 shows a series of crystals
of C198H398 from methylanthracene solution grown and ob-
served at a range of temperatures. 2-Methylanthracene was
purchased from SigmaeAldrich. To grow the crystals, the
low vapour pressure solution, sandwiched between glass cov-
erslips, was transferred rapidly from the T1 to the Tc hot stage
of a custom-designed Linkam T-jump microscope stage, T1 be-
ing above the extended-chain dissolution temperature and Tc

being the selected crystallization temperature. The growing
crystals were digitally recorded using an interference contrast
Olympus BX50 microscope. For more experimental details see
Ref. [15].

As seen in Fig. 5, for supercoolings less than 5 �C the crys-
tals are bounded exclusively by {110} faces. The acute angle
of the {110} lozenge clearly increases with supercooling, as
shown in Fig. 6. A similar trend of increasing angle, with crys-
tals approaching a square shape, was observed previously for
C162H326 in 1-phenyldecane [16]. The fact that the crystals
at DT¼ 3 �C have their 4 angle equal to the crystallographic
value is purely coincidental, and is the result of cancellation
of the effects of step rate asymmetry and face curvature. In
all cases the {110} faces could be fitted well with growth pro-
files calculated on the basis of asymmetric step propagation.

At supercoolings higher than 5 �C the acute angle of the
crystal disappears as the lozenge gets truncated by {100}
faces. With DT increasing further, {100} faces become more
pronounced at the expense of {110}. The shapes of the pre-
dominantly {100}-bounded crystals grown from octacosane
solutions of a wide range of long alkanes have been studied
in considerable detail [13e15] and kinetic parameters such
as step nucleation and propagation rates, i and v, were found
to vary remarkably with small changes in temperature. This
temperature sensitivity was interpreted in terms of the self-
poisoning effect close to growth transitions such as extended-
to folded-chain, once- to twice-folded chain etc.

3.2. Poly(vinylidene fluoride)

As mentioned in Section 1, lenticular (lens-shaped) crystals
bounded solely by curved {110} faces are also observed in
poly(vinylidene fluoride). These crystals display a range of
habits, from lozenge with perfect crystallographic facets to
lens-shape with the acute angle completely rounded out.
Fig. 7 presents electron micrographs [11] of selected PVDF
crystals grown from melt and from blends with poly(ethyl ac-
rylate). Calculated growth profiles are fitted, using the fitting
parameters indicated.

The PVDF crystals are orthorhombic (a-form), with the lat-
tice parameters given in Table 1. Note that, while the a0/b0 ra-
tio in polyethylene is 1.50, i.e. less than the hexagonal lattice
value of

ffiffiffi
3
p

, in PVDF the a0/b0 ratio is 1.94, i.e. larger than
the hexagonal value. Thus the asymmetry of {110} faces
can be said to be reversed. For example, while in PE the inter-
chain distance in the {110} plane, l0, is shorter than the dis-
tance b0 in the {100} plane, the opposite is true in PVDF.
The values of angles g and 4 between crystallographic
{110} facets in PVDF are also given in Table 1.

The observed variety of lateral crystal habits of PVDF can
be well accounted for by the crystal shapes constructed ac-
cording to the present theory. In spite of the ‘‘reversed’’ distor-
tion of the hexagonal unit cell in PVDF, both in alkanes and in
PVDF the vr/vl ratio of step velocities is greater than 1, i.e.
steps move faster toward the acute angle of the lozenge than
away from it e see below.

3.3. Experimental determination of step initiation and
propagation rates

As is shown above by a number of examples, the proposed
theory of asymmetric spreading of molecular layers on {110}
growth faces describes well the shape of different orthorhom-
bic polymer single crystals, grown from either solution or
melt. Libraries of simulated crystal shapes, such as that in
Fig. 3, can be easily produced for any polymer with a known
unit cell, single crystals of which are bounded by asymmetric
growth faces belonging to the same class. Thus, by finding the
simulated crystal shape that matches the shape of a real crys-
tal, we obtain the values of il0

2/(vrþ vl) (dimensionless ratio of
step initiation rate to the average step propagation velocity)
and vr/vl (the ratio of velocities of right- and left-moving
steps). Further, by measuring the macroscopic growth rates
perpendicular to the growth faces, one can obtain the absolute
values of i, vr and vl.

In cases where more than one class of planes define the lat-
eral crystal habit (e.g. {110} and {100} in PE under appro-
priate conditions, {120} and {100} in PEO [30]), only the
relevant part of the crystal should be fitted by the present
method. To obtain the initiation/propagation ratio for symmet-
ric faces, such as {100} in PE or PEO, the methods of
Mansfield [6] or PointeVillers [7] should be used corrected for
the appropriate lattice type [21]. Both the {110} and {100}
faces were fitted to the sequence of alkane crystals in Fig. 5.
Because of the relatively low spatial resolution of the optical
micrographs in question, both sets of faces could not be ana-
lysed reliably on the same crystal, since only a relatively short
portion of each face is visible. However, in micrographs of
higher resolution (TEM, AFM), the better definition of the
shape should allow fitting of shorter sections of each face and
allow the determination of step initiation and propagation rates
in a wider temperature range. Similarly, melt crystallization,
which often produces larger single crystals [31], is amenable
to extensive studies of habits by optical microscopy.

It should be noted that two dimensionless parameters are
needed to define completely the lateral shape of a single crys-
tal bounded by one class of asymmetric planes. In contrast,
only one parameter is sufficient for crystals delineated by sym-
metric planes of a single class. If two different classes of
planes define the crystal, additionally the ratio of growth rates
of the two classes of planes must be defined in order to de-
scribe the lateral habit completely. Thus, e.g., the complete
shape of a truncated lozenge of PE is defined by four param-
eters, the fourth being the ratio of growth rates of the two face
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Fig. 5. Interference contrast micrographs of single crystals of long alkane C198H398 grown from 2% (wt) solution in methylanthracene at different supercoolings

indicated. For reference, the dissolution temperature of extended-chain crystals is 111.7 �C. In all cases the crystallographic a-axis is vertical and b-axis is hor-

izontal. Fits to theoretical {110} lozenges (top row) and {100} Mansfield ellipses (two bottom rows) are shown by black dotted lines where such fits are meaning-

ful. The parameters used are shown beneath each micrograph in the format (il0
2/(vrþ vl); vr/vl) for {110} faces, and (ib0

2/2v) for {100} faces. The crystal at

DT¼ 11.3 �C is once-folded chain, all others are extended-chains. a-axis vertical. Bar¼ 10 mm.
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types G110/G100. Here G110 ¼ d110

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iðvr þ vlÞ

p
and G100 ¼

ða0=2Þ
ffiffiffiffiffiffi
2iv
p

.
It should be noted that the determination of the two dimen-

sionless parameters, il0
2/(vrþ vl) and vr/vl, can involve a degree

of ambiguity. As seen in Fig. 3, there exist some pairs of
parameters which give very similar crystal shapes (see, e.g.
crystals (0.01; 0.2) and (0.025; 0.5)). However, examining ex-
tended temperature or concentration dependencies of crystal
shapes can reduce the ambiguity considerably (Section 3.5).

ΔT (°C)

ϕ (deg)

3.0 3.5 4.0 4.5

67.3°

60

70

80

Fig. 6. Supercooling dependence of the acute angle 4 for extended-chain non-

truncated lozenge crystals of alkane C198H398 grown from 2% (wt) solution in

methylanthracene. The dotted line indicates the crystallographic value of 4.
3.4. Asymmetry of patch spreading as a function
of supercooling

Fig. 8 shows the dependencies on supercooling of the two
kinetic parameters, vr/vl and il0

2/(vrþ vl), for {110} faces for
single crystals of alkanes C162H326 and C198H398. Crystals pre-
sented, respectively, in Fig. 4 and Fig. 5 (top row) were used in
the fitting.

The results obtained are consistent with physical principles
of crystal growth. The difference between the propagation
rates of right- and left-moving steps is the greatest near the
dissolution temperature Td, and decreases with increasing
supercooling. This is understandable: at Td (or at melting tem-
perature Tm) molecular attachment and detachment rates are
balanced and any small difference in kinetic conditions be-
tween the right and the left steps would have the greatest
impact near Td (Tm). The question then arises whether it is
the attachment or detachment rate that differs. Detachment
rate is determined primarily by the binding energy of the af-
fected stem. It can be shown that, due to glide plane symmetry,
the binding energies of chains attached at the right and left
steps on a {110} face in e.g. PE are equal e see Fig. 9. Hence
the average detachment rates of chains at the two ends of a
surface patch are equal. It therefore follows that the difference
between vl and vr arises from the difference in attachment
rates. This, one would assume, is related to the steric condi-
tions of chain attachment into the two non-equivalent niches.
The two adjacent chains on the side of the left step, separated
Fig. 7. Electron micrographs of poly(vinylidene fluoride) crystals (a-form), reproduced from Ref. [11]. (a) Crystallized from melt at 172 �C, (bed) crystallized

from blends with poly(ethyl acrylate): (b) at 172 �C, 30% PVDF, (c,d) �150 �C, 0.5% PVDF. Fits of {110} faces using simulated crystal shapes are shown with

dotted lines. Below each micrograph fitting parameters are given in the form (il0
2/(vrþ vl); vr/vl).
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by l0, always have different setting angles, while those on the
side of the right-hand step, separated by b0, have the same set-
ting angle. Incidentally, because of the alternating setting an-
gles of chains along the {110} face, the average attachment
rate of two end chains must be considered at each end.

Compared to that in alkanes, the asymmetry of step propa-
gation is even larger on {110} faces of PVDF. The crystals in
Fig. 7a and b have a vr/vl ratio of 10 and 9.5, respectively. A
schematic representation of the structure at the {110} face
of a PVDF crystal, with a three-stem-wide layer attached, is
shown in Fig. 10. Although the Pc2m space group, associated
with this structure [26], does not have a glide or screw along
either a or b, averaging the two alternating chains (actually
four, if upedown disorder is considered) at the right or the
left step, makes their binding energies equal, as in the case
of PE. Thus, again we have to attribute the difference between

2 4 6 8

1.0

(a)

1.5

2.0

2.5

0 ΔT (°C)

vr /vl

(b)

2 4 6 80 ΔT (°C)
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0.00

C162 Phen.

C198 Meth.

il0
2/(vr+vl)

Fig. 8. Supercooling dependencies (a) of the ratio of right to left step propa-

gation velocities vr/vl and (b) of the dimensionless ratio of initiation rate to

the combined step propagation rate il0
2/(vrþ vl) for two long alkanes:

C198H398 grown from 2% (wt) solution in methylanthracene (hollow circles)

and C162H326 grown from 1% (wt) solution in 1-phenyldecane (solid squares).
vr and vl to the difference in attachment rates. The fact that vr

is up to 10 times faster than vl must be associated with the con-
siderable difference in the way attaching chains slot into the
two non-equivalent niches. Approximating the tgtg0 carbon
backbone of an incoming chain as a ribbon, a chain ap-
proaches the right-hand niche edge-on, while it approaches
the left-hand niche flat-on. Even a qualitative consideration
would thus suggest a larger asymmetry of spreading rates in
PVDF, compared to that in PE and the alkanes. Finding the
reason that edge-on attachment is faster than flat-on one could
be the subject of a molecular simulation study.

3.5. Temperature dependence of the initiation/
propagation ratio

Fig. 8b shows the experimental dependence of the dimen-
sionless ratio of initiation and propagation rates il0

2/(vrþ vl)
on supercooling. While for C198H398 grown from methyl-
anthracene solution the ratio increases with DT, for C162H326
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Fig. 9. {110} Edge of an orthorhombic PE/alkane crystal with a surface patch

of three chains, viewed along the chain axis. The energy of the molecular clus-

ter was minimised using Cerius-2 (Open Force Field). Interatomic distances

between closest hydrogens on nearest neighbour chains are indicated in Ang-

stroms for the chains at the left (*) and right (**) ends of the patch. As the

distances for the two chains are identical, their van der Waals binding energies

are also equal.
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Fig. 10. {110} Surface of the orthorhombic a-form of PVDF [26], viewed

along c-axis, including a deposited three-chain patch. Polymer chains in their

tgtg0 conformation are represented by symbols, one of which is expanded at

the bottom, showing CeC (thick) and CeF (thin) bonds, with CeH bonds

omitted. The symmetry elements of the Pc2m space group are also shown.
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from 1-phenyldecane the ratio appears to decrease. In fact, by
nature il0

2/(vrþ vl) is bound to increase in all cases at very
small undercoolings, so long as crystallization is even mildly
nucleation controlled. Since in that case the barrier for depo-
sition of the first stem is higher than the barrier for subsequent
stems, a small DT may be sufficient to allow propagation but
not nucleation, making il0

2/(vrþ vl) / 0 as DT / 0.
The question is then why the nucleation/propagation ratio

for C162H326 apparently decreases with increasing DT. To an-
swer this we recall the temperature dependence of the equiv-
alent ratio ib0

2/2v for the growth of {100} faces, which in all
long alkanes studied passes through a maximum between the
dissolution temperatures of extended and once-folded chains
(see Ref. [15] and Fig. 25 in Ref. [17]). There is a similar max-
imum between Td’s of once- and twice-folded chains [15]. The
position of the maximum within the interval varies. The fact
that for {100} faces ib0

2/2v / 0 as Td of folded chains is ap-
proached from above indicates that, for {100} growth, nucle-
ation is far more inhibited by self-poisoning than propagation.
Since we cannot follow the behaviour on {110} faces all the
way down to Td of folded chains due to crystal truncation,
we cannot say whether il0

2/(vrþ vl) / 0 as Td of folded chains
is approached. However there clearly is the observed decrease
in il0

2/(vrþ vl) with increasing DT for {110} growth of
C162H326 crystals (Fig. 8b). We believe that the maximum is
either below DT¼ 2.5 �C or somewhat above that value. In
contrast, for C198H398 crystals from methylanthracene, the
maximum, if there is one, must be beyond DT¼ 5 �C.

3.6. Possibility of re-entrant corners

The predicted crystal shape at the top right of Fig. 3 shows
re-entrant (concave) corners in the place of the obtuse corners
of the lozenge. This unusual morphology is predicted to occur
under rather exotic conditions of high asymmetry of patch
spreading (vr/vl far from 1) and, at the same time, high initia-
tion-to-propagation ratio il0

2/(vrþ vl). As discussed above, the
two conditions are to some extent mutually exclusive.
It is at the smallest supercooling that we expect the largest
deviation from vr/vl¼ 1, but it is also as DT / 0 that il0

2/
(vrþ vl) / 0. However, as seen in Fig. 8b for C162H326, il0

2/
(vrþ vl) can reach quite a high value at low DT. PVDF is in
fact a good candidate to look for the habit with re-entrant cor-
ners, as it has high vr/vl asymmetry. It is likely that if such
habit is to be observed, a candidate would be melt-crystallized
PVDF.

Re-entrant corners are quite common in twinned polymer
crystals, e.g. in {110} or {310} twins of PE [5]. Sadler [3]
has invoked their existence in support of his rough-surface
non-nucleated growth theory. Toda [5] has noted a degree of
in-filling of the re-entrant corner in {311} twins but not in
{110} twins, attributing the former to a particularly narrow
corner angle. However, to our knowledge there have been no
reports of re-entrant corners in single crystals, other than those
due to defects. Owing to the rather large angle of the predicted
re-entrant corner such as in Fig. 3, and due to the small mean
spreading distance of steps, we anticipate that the re-entrant
corner would not fill in and should remain observable.

4. Conclusions

Calculated crystal shapes based on the proposed theoretical
treatment of curved asymmetric faces give good agreement
with experimentally observed habits of {110}-bound lozenge
single crystals in long-chain n-alkanes and PVDF. The shape
of the ‘‘a-axis lenticular’’ crystals [16], i.e. lens-shaped crys-
tals with the long-axis parallel to a, is well reproduced. It is
shown that the shape of an asymmetric lateral crystal face is
defined by two kinetic parameters, vr/vl and il0

2/(vrþ vl), rather
than by just one parameter, il0

2/2v, for a symmetric face. The
observed dependence of the ratio of left- and right step
propagation rates on supercooling is consistent with the gen-
eral principles of crystallization kinetics. The high ratio of
initiation-to-propagation steps, which leads to high curvature,
gives a picture of a crystallization process that is under certain
conditions only marginally nucleation controlled. The ob-
served ten-fold difference between right- and left-moving
steps on a-crystals of PVDF is most likely a consequence of
the difference between edge-on and flat-on chain attachment
at these steps, respectively. A combination of high asymmetry
of step velocities and high nucleation-to-propagation ratio is
predicted to potentially produce single crystals with re-entrant
corners.

A similar analysis is in progress dealing with crystal habits
of poly(ethylene oxide). This work will be published else-
where [29].
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